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I propose a practical scheme of hyperconcentration, by which two-qubit photon spin and two-qudit
orbital angular momentum (OAM) maximally entangled states can be distilled simultaneously. The original
nonmaximally hyperentangled photon pairs are generated by parametric down conversion and the symmetrical
procrustean concentration is then performed using pairs of spatial light modulators (operating on OAM)
and partial polarizing interferometers (operating on spin). Furthermore, I show that a generalized Shannon
dimensionality can be introduced to evaluate the performance, which is maximized with the formation of a
comblike entangled spectrum for composite spin-orbit modes. The results hold promise for ultrahigh-dimensional
quantum-information processing.
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I. INTRODUCTION
Hyperentanglement, in which two photons are simultane-
ously entangled in multiple degrees of freedom, has been
recently of great interest for advanced quantum information
[1,2]. Operating in an enlarged Hilbert space, it offers several
significant advantages, such as higher information-density
coding, an increased level of security, and simplification
of quantum logic [3–5]. Based on polarization-momentum
hyperentanglement, it was demonstrated that the violation
of local realism can be enhanced, growing exponentially
with the size of the space [6]. Besides, using spin-orbit
hyperentanglement, it was possible to completely discriminate
four orthogonal Bell states [7], and therefore to break the
communication barrier for linear photonic superdense coding
[8]. Very recently, a hyperentangled ten-qubit Schrödinger cat
state was also created to demonstrate the super-resolving phase
measurement [9]. Other fascinating applications included one-
way quantum computing with clutter states [10,11], Shannon
dimensionality increase of quantum channels [12], and remote
state preparation of single-photon hybrid entangled state [13].
Here we exploit the total angular momentum Hilbert space
spanned by composite spin-orbit modes of photon pairs gen-
erated by spontaneous parametric down conversion (SPDC),
where two-dimensional photon spin is associated with the
polarization of light while high-dimensional orbital angular
momentum (OAM) arises from the helical phase structure
of light [14,15]. As is well known, most current quantum
protocols, such as quantum teleportation [16] and quantum
cryptography [17], work best for maximally entangled states.
However, for two-qubit polarization entanglement, photon
pairs, after long-distance transmission, are likely to be in a
nonmaximally entangled state, due to dissipation and decoher-
ence. In addition, for two-qudit OAM entanglement, the spiral
spectrum generated by SPDC is, inevitably, of limited spiral
bandwidth; namely, photon pairs with a smaller OAM are more
frequent than higher-order modes [18]. Recently, independent
polarization [19] and OAM concentration [20,21] have been
reported, respectively. However, no schemes have been re-
ported to combine concentration with hyperentanglement. To
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this end, we propose a practical scheme of hyperconcentration
to distill both maximally entangled spin and OAM states by
a symmetrical procrustean method, where local filtering in
both down-converted beams is performed by pairs of spatial
light modulators (SLMs) and partial polarizers, operating on
the OAM and spin degrees of freedom, respectively. Although
our scheme is similar to [21], we focus here on spin-orbit
hyperentanglement such that we can access, in principle, an
ultrahigh-dimensional Hilbert space spanned by composite
spin-orbit bases. Furthermore, we introduce a generalized
Shannon dimensionality to evaluate the performance of present
concentration, and the maximum Shannon dimensionality can
be achieved with the formation of a comblike entangled
spectrum for composite spin-orbit modes.
II. SYMMETRICAL PROCRUSTEAN SPIN-ORBIT
HYPERCONCENTRATION
The basic idea of procrustean concentration [22] is to
distill from an ensemble of photon pairs in a nonmaximally
entangled state, |ε〉 = (ε|00〉 + |11〉)/
√
1 + ε (ε = 1), a
smaller number of photon pairs in a maximally entangled state,
|〉 = (|00〉 + |11〉)/√2, by a nonunitary filtering process
to equalize the contribution, ε = 1. Here we generalize this
procrustean method simultaneously to the two-qubit spin
and two-qudit OAM entanglement, which are performed
symmetrically in both down-converted beams by pairs of
SLMs and partial polarizers. Of importance is that an SLM
enables the manipulation and measurement of a nontrivial
superposition of several arbitrary OAM modes with selectivity
such that the concentration can be performed in an arbitrary
high-dimensional Hilbert space spanned by the composite
spin-orbit modes. We sketch our experimental scheme in
Fig. 1.
The original nonmaximally hyperentangled photon pairs
are generated in two adjacent beta barium borate (BBO)
crystals with optical axis perpendicular to each other [23].
Here, both BBO crystals are cut for type-I phase matching.
A quasi-cw, mode-locked, uv pump beam at 355 nm is
weakly focused (about 1 mm beam size) into a 3-mm-long
type-I BBO crystal, where degenerate 710 nm down-converted
photons are produced in pairs via SPDC [24]. By rotating the
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FIG. 1. (Color online) Sketch for hyperconcentration and Shannon dimensionality measurement.
pump polarization angle by θ with respect to the horizontal,
we can simply produce a nonmaximally entangled state,
|〉spin = sin θ |H 〉A|H 〉B + cos θ |V 〉A|V 〉B , where the degree
of entanglement is given by ε = tan θ [25]. At the same
time, owing to the conservation of angular momentum, the
down-converted photons are also entangled in their OAM
degree of freedom, taking the following form [26]: |〉OAM =∑
 C|〉A|−〉B , where C denotes the probability amplitude
of finding a signal photon with an OAM eigenstate |〉A and
an idler photon in |−〉B . In a typical experiment, the single
count for | = 0〉 can reach twenty thousand per second while
the coincidence count for |0〉A|0〉B is about one thousand per
second. Besides, it is noted that the entangled spiral spectrum,
related to |C|2, is inevitably of limited bandwidth; namely,
photon pairs with a smaller OAM are more frequent than
higher-order modes [18]. Thus, the generated photon pairs
are hyperentangled in their spin and OAM, whose pure state
can be written as














γiCj |σi, = j 〉A|σi, = −j 〉B, (2)
where we have defined σ1 → H, σ2 → V, and γ1 = sin θ , γ2 =
cos θ . Besides, the orthogonality, 〈σi, = j |σi ′, = j ′〉 =
δii ′δjj ′ , is satisfied such that, if we assume the OAM modes
under consideration range from  = −L to +L, then |〉2
can reside in a subspace of dimension 22(2L + 1)2. Here, we
adopt the Laguerre-Gaussian modes, |LGp=0〉 = |〉 and use
the distribution, C ∝ (2/3)||, for the present source [18,27]
and set θ = 30◦ to obtain ε = 1/√3. Then, we can rearrange






where the biorthogonal composite spin-orbit mode pair
|ξk〉|ηk〉 and the corresponding eigenvalue λk are de-
fined as follows: If 1  k  11, then |ξk〉 = |H〉| = k −
6〉, |ηk〉 = |H〉| = 6 − k〉 and λk = Ck−6 sin θ ; otherwise,
|ξk〉 = |V〉| = k − 17〉, |ηk〉 = |V〉| = 17 − k〉, and λk =





characterize the number of average modes involved [28].
The spectra for spin, OAM, and composite spin-orbit entan-
gled states are plotted in Figs. 2(a)–2(c), respectively, each
of which evidently describes a nonmaximal entanglement
in individual space. As illustrated in Fig. 2(a), one can
calculate that Kspin = 1/(sin4 θ + cos4 θ ) = 1.60, while in






||]4 = 4.53. Straight-
forward algebra leads to K = KspinKOAM = 7.25, which is
obviously far less than Kmax = 22, the maximum size of
present composite subspace we consider in Eq. (3). To this end,
FIG. 2. (Color online) Original spectra for nonmaximally entangled states before hyperconcentration: (a) spin, (b) OAM, and (c) composite
spin-orbit modes, and (d) the comblike spectra for maximally entangled composite spin-orbit modes after hyperconcentration.
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we present a practical scheme of procrustean concentration
to equalize λk and thus enlarge the available size of that
composite space.
As shown in Fig. 1, the chained procrustean concentration
is symmetrically performed in both down-converted beams,
where SLM operates on OAM while the partial polarizer
consisting of a polarizing interferometer operates on spin.
An SLM acts as reconfigurable refractive elements and can
be utilized to specify any nontrivial superposition of OAM
modes [29]. If two SLMs in signal and idler beams are prepared
in the states |ψ〉A =
∑
m Am|m〉A and |ψ〉B =
∑
n Bn|n〉B ,
then they inversely transform a photon in | = 0〉 to |ψ〉A
and |ψ〉B , respectively. When operating simultaneously on a












 = j + m〉A|σi,  = −j + n〉B,
The signal and idler photons reflected from the SLM are
directed to a polarizing interferometer that serves as the
partial polarizer. In each interferometer, the first polarizing
beam splitter (PBS1) transmits horizontal polarization |H〉
while reflects vertical polarization |V〉. The single-photon
interferometer is obviously phase sensitive such that we
need to correctly adjust the path length to guarantee that
the transmitted and reflected photons arrive at the second
polarizing beam splitter (PBS2) at the same time, and thus
have good temporal overlap. Besides, we insert two half-wave
plates into the interferometer, each in one arm, to compensate
the delay equally. In the reflected arm, the half-wave plate
is adjusted with its fast axis to point at angle ϕ, HWP@ϕ,
such that only a portion of cos 2ϕ can be passed by PBS2.
Meanwhile, the one in the transmitted arm is in HWP@0 to
allow a total passage through PBS2. Two identical polarizing
interferometers are arranged in the signal and idler paths,
respectively, to perform a symmetric concentration, which
is also beneficial to the following Shannon-dimensionality
measurements, where relative rotation of measuring apparatus
in both signal and idler beams are required. After interaction









× (sin θ |H, = j + m〉A|H, = −j + n〉B
+ cos2 2ϕ cos θ |V, = j +m〉A|V, = −j + n〉B ).
(5)
One key step is that the subsequent single-mode fibers (SMF)
sustain exclusively a fundamental Gaussian mode of | = 0〉




A−jBjCj (sin θ |H, = j 〉A|H, = −j 〉B
+ cos2 2ϕ cos θ |V, = j 〉A|V, = −j 〉B). (6)
One can conclude from Eq. (6) that, if we preset both
SLM and HWP@ϕ to satisfy A−jBjCj = constant and
cos2 2ϕ cos θ = sin θ , then we are able to equalize all mode
amplitudes. In a symmetric setup, we have Aj = Bj ∝
(2/3)−|j |/2 and ϕ = arccos √tan θ/2 = 20.3◦. Consequently,
the states prepared by two SLMs are identical, |ψ〉A = |ψ〉B =
5j=−5(2/3)
−|j |/2|LG=jp=0〉. Based on LABVIEW simulations, we
give the desired intensity, phase, and holograms displayed






(|H, = j 〉A|H, = −j 〉B
+ |V, = j 〉A|V, = −j 〉B). (7)
In other words, the Schmidt decomposition of Eq. (3) shows







FIG. 3. (Color online) (a) Predicted coincidence rate as a bivariate function of α and β, where (b) and (c) are sectional views at β = 0
and α = 0, respectively. Insets in (b) and (c) show individual maximally entangled spectra and the Shannon dimensionalities.
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where the Schmidt number reaches Kmax = 22 and the
comblike entangled spectrum for composite spin-orbit modes
is formed, as shown by Fig. 2(d). Thus, we complete the
concentration of hyperentanglement.
III. THE GENERALIZED SHANNON DIMENSIONALITY
As an experimentally accessible measure of entanglement,
the Shannon dimensionality was presented to quantify the ef-
fective numbers of information channels [30] and we recently
applied it to the cases of fractional q plates [12] and ghost
angular diffraction [31]. To obtain the Shannon dimensionality,
one has to impart a relative rotation, α = αA − αB , to the
signal and idler analyzers, then the Shannon dimensionality
can be straightforwardly deduced from the normalized coinci-
dence fringes P (α), D = 2π/ ∫ 2π0 P (α)d(α). However,
to fully characterize hyperentanglement, it is essential to
impart rotations to both OAM mode analyzers, SLM@αA and
SLM@αB , and the polarizers, P @βA and P @βB (see Fig. 1).
The rotation of an SLM just brings a phase shift to each OAM











inαB |n〉B . While two
quarter-wave plates (QWPs) oriented at 45◦ and −45◦ to-
gether with P @βA and P @βB in two beams measure po-
larizations, eiβA |H〉A + e−iβA |V〉A and e−iβB |H〉B + eiβB |V〉B ,
respectively. Consequently, the coincidence count rate from
Eq. (8) is









Equation (9) is in essence a bivariate function of α and β
and therefore is a key signature of hyperentanglement. Accord-
ingly, the Shannon dimensionality is generalized to a double
integral, D = (2π )2/ ∫ 2π0 ∫ 2π0 P (α,β)d(α)d(β). A di-
rect calculation gives rise to Dhyper = 22, as expected, being
equal to Kmax = 22. The underlying physics is the formation
of comblike entangled spectra for maximally entangled com-
posite spin-orbit modes after concentration [see Figs. 2(c) and
2(d)].
For comparisons, it is however important to show the
Shannon dimensionality before hyperconcentration. In this
case, two SLMs are replaced by two Dove prisms, which
only bring OAM-dependent phase shifts, exp(imαA) and
exp(inαB), to the signal and idler OAM modes, respectively,
but leave their amplitudes unaffected [32]. In a similar way,
















Direct algebra gives that D ≈ 8.0 (slightly larger than K =
7.25), which is obviously far less than Dhyper = 22. Thus, this
generalized measurement of Shannon dimensionalities before
and after hyperconcentration provides a practical evaluation
of the performance of present hyperconcentration.
The Shannon dimensionality is an effective quantifier of
entanglement as measured in an actual experiment, which
FIG. 4. (Color online) Coincidence count rates for five-
dimensional maximally entangled states in two different OAM bases.
gives the effective number of entangled modes that are detected
by the measurement apparatus [33]. The orbital angular
momentum of single photons are of high dimensions such that
the subspaces can be constructed by adopting different OAM
bases. For example, a five-dimensional entangled subspace
after concentration can be spanned equivalently by |−3〉A|+
3〉B , |−1〉A|+1〉B , |0〉A|0〉B , |+1〉A|−1〉B , and |+3〉A|−3〉B
or by |−10〉A|+10〉B , |−8〉A|+8〉B , |−6〉A|+6〉B , |−4〉A|+
4〉B , and |−2〉A|+2〉B , depending on our choice by properly
programming the SLMs. Thus it would be interesting to see
their difference when performing the Shannon measurements.
As illustrated in Figs. 4(a) and 4(b), one can see that both
cases, without any surprise, give the same D = 5; however, the
coincidence curves are of different profiles, which suggest that
coincidence curve contains some information of the involved
OAM bases.
IV. CONCLUSION
We have demonstrated the hyperconcentration scheme
using pairs of SLM and partial polarizers and have proven that
a successful concentration maximizes the Shannon dimension-
ality with the formation of a comblike entangled spectrum for
composite spin-orbit modes. In our demonstration, only a small
range of OAM number (e.g.,  = 5) are considered. However,
our scheme can be extended to comprise arbitrarily high OAM
modes and therefore holds promise for ultrahigh-dimensional
quantum-information processing.
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